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We report a comprehensive inelastic neutron-scattering study of the frustrated pyrochlore an-
tiferromagnet MgCr2O4 in its cooperative paramagnetic regime. Theoretical modeling yields a
microscopic Heisenberg model with exchange interactions up to third-nearest neighbors, which quan-
titatively explains all the details of the dynamic magnetic response. Our work demonstrates that
the magnetic excitations in paramagnetic MgCr2O4 are faithfully represented in the entire Bril-
louin zone by a theory of magnons propagating in a highly-correlated paramagnetic background.
Our results also suggest that MgCr2O4 is proximate to a spiral spin-liquid phase distinct from the
Coulomb phase, which has implications for the magneto-structural phase transition in MgCr2O4.
The classical pyrochlore Heisenberg antiferromagnet is
a canonical model of frustrated magnetism. With only
nearest-neighbor (NN) exchange interactions, it does not
exhibit magnetic ordering down to zero temperature and
instead hosts a liquid-like state of strongly correlated
spins. In real space, this cooperative paramagnet is a
system of underconstrained spins on a network of corner-
sharing tetrahedra. The energy is minimized if the vector
sum of spins is zero on every tetrahedron, giving rise to an
extensive ground-state degeneracy. Mapping spin vari-
ables to flux variables on the bonds of the dual diamond
lattice transforms this spin constraint to a divergence-
free condition on the flux fields. Consequently, spin
correlations decay algebraically in real space, and sharp
features—known as pinch points—are present in recipro-
cal space. This exotic magnetic state of matter is termed
a Coulomb phase [1–3].
The best candidate materials to realize the Coulomb
phase include the spin ices [4–6] and the cubic AB2O4
spinels and NaA′B2F7 fluorides [7–9], in which a
transition-metal ion B occupies a pyrochlore lattice.
Canonical spinel examples are CdCr2O4 [10], ZnCr2O4
[11], and MgCr2O4 [12, 13], which are all highly-
frustrated antiferromagnets that ultimately order mag-
netically at temperatures TN much smaller than the
scale of exchange interactions. Contrary to expecta-
tions, neutron-scattering experiments on these materials
do not reveal sharp pinch points; instead, only broad
ring-like diffuse scattering patterns are observed. These
experimental observations have been explained in terms
of decoupled hexagonal spin clusters—loops of six spins
with alternating directions [11]. While phenomenologi-
cal model has been remarkably successful in explaining
magnetic scattering features [11–14]. It leaves three key
questions unaddressed. First, what is the microscopic
origin of cluster-like scattering in terms of the underlying
magnetic interactions? Second, how does frustration re-
late to the complex ordered structures that B-site spinels
often exhibit below TN? And, third, what is the origin of
the broad magnetic excitation spectrum observed in the
cooperative paramagnetic state? This final question is of
particular importance because three explanations have
been proposed: (i) scattering is broad in energy, because
excitations have a short lifetime; (ii) scattering is broad
because the excitations are fractionalized; (iii) scattering
is broad in momentum, because the excitations are riding
on a disordered background.
In this Letter, we use a combination of neutron spec-
troscopy and modeling to determine the spin Hamilto-
nian of MgCr2O4 and the nature of its magnetic excita-
tions in the correlated paramagnetic regime at temper-
ature T = 20 K. We study this material because it is a
paradigmatic example of a frustrated antiferromagnetic
spinel that shows cluster-like scattering above TN and ex-
otic magnetic order below TN. Our results significantly
advance previous studies by measuring and explaining
the entire four-dimensional (4D) magnetic response of
MgCr2O4 as a function of energy and momentum. We
use quantitative modeling to determine a set of exchange
interactions that best reproduce our experimental data.
Remarkably, we find that linear spin-wave theory accu-
rately captures all the details of the correlated paramag-
netic response in MgCr2O4, revealing the harmonic na-
ture of excitations in this classical spin liquid. Further-
more, we find that our model remains highly frustrated
despite the presence of further-neighbor (FN) interac-
tions. We explain this result by showing that MgCr2O4 is
proximate to a highly-degenerate spiral-spin-liquid phase
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FIG. 1. (a) The pyrochlore lattice of Cr3+ ions (red spheres) in MgCr2O4 and definition of exchange interactions up to third
neighbors. Note that J3a and J3b span the same distance but are not equivalent by symmetry. (b) Contour plot of the goodness
of fit χ2 between calculations and neutron (blue solid lines) and bulk susceptibility (green dashed lines) measurements. FN
exchange interactions J2 and J3a are fixed on a grid with J1 and J3b fitted at each grid point. The choice of J2 ± J3a as
plotting axes highlights the nearly equivalent spin structure factors obtained for J2 = J3a. Spin correlations are calculated
using the self-consistent Gaussian approximation (SCGA) at T = 20 K. The red star is the best overall fit. (c) Momentum
dependence of I0(Q) = F (|Q|)S(Q) and I1(Q) = F (|Q|)K(Q) along several paths of the Brillouin zone (BZ) at T = 20 K,
and comparisons with SCGA predictions for NN (dashed black line) and FN (solid red line) models. For the NN model,
J1=38 K. (d–e) Selected slices across I0(Q) and I1(Q) for fixed momentum transfer along the (0, 0, l) and (0,−l, l) directions,
respectively, and comparison between NN and FN models calculated using the SCGA. Throughout, white rings are masked
aluminum background lines. In (c)–(e), only Ei = 80 meV data are shown, but both 40 meV and 80 meV data were included
in fits.
distinct from the Coulomb phase. Our results suggest
competition between nearly-degenerate states drives the
complex low-temperature states often observed in frus-
trated B-site spinels.
The crystal structure of MgCr2O4 at T = 20 K is cu-
bic (space group Fd3¯m, a=8.33 A˚). Magnetic Cr3+ ions
interact magnetically with their nearest neighbors (NN)
primarily via direct exchange (dCr−Cr=2.95 A˚) and with
further neighbors (FN) via superexchange [Fig. 1(a)].
Thermo-magnetic measurements [15–18] reveal net an-
tiferromagnetic interactions with a Weiss constant rang-
ing from θW=−346K [15, 16] to −433K [17, 18], and are
compatible with spin-only magnetic moments for Cr3+
(S = 3/2 and g ≈ 2.05) [17]. Below ∼ 40 K (≈ 0.1θW),
the magnetic susceptibility markedly departs from the
Curie-Weiss law which contrasts with predictions for the
NN model [19]. Futhermore a cooperative paramagnetic
regime appears with cluster-like scattering [12–14, 20].
This regime persists down to TN≈13 K [17, 18, 21], where
the onset of long-range magnetic ordering [15, 17, 18]
is accompanied by a structural distortion to tetrago-
nal or lower symmetry [22–24] due to spin-lattice cou-
pling [11, 25–27]. Magnetic Bragg peaks observed below
TN are indexed by two inequivalent propagation vectors,
kL,1 =
(
1
2 ,
1
2 , 0
)
and kL2 =
(
1, 0, 12
)
[28] with respect to
the cubic cell; the magnetic structure of this so-called
“L phase” is not fully solved [20, 28]. Moreover, an ad-
ditional partially-ordered magnetic phase (“H phase”)
with a single propagation vector kH =(0, 0, 1) is observed
for some samples between TN and TH≈16 K [12, 28].
To understand the nature of the magnetic excitations
in MgCr2O4 we performed neutron-scattering experi-
ments that expose its magnetic excitation spectrum as
a function of neutron momentum transfer ~Q=~ki−~kf
and energy transfer E=Ei−Ef to the sample. Large sin-
gle crystals of MgCr2O4 were grown using the floating-
zone technique following systematic sample-quality stud-
ies [17, 18]. Our 10 best crystals were co-aligned on an
aluminum holder for a total sample mass m ≈ 13.5 g
and overall mosaic ≤ 3◦ [see Sec. S1]. Inelastic neutron-
scattering data were collected on the SEQUOIA instru-
ment [29, 30] at the Spallation Neutron Source, Oak
Ridge National Laboratory (USA). Incoming neutron en-
ergies of Ei = 40 and 80 meV were used, yielding elas-
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FIG. 2. Magnetic excitation spectra of MgCr2O4 at T =20 K measured with incident neutron energy Ei=40 meV, and com-
parison with linear spin-wave theory (LSWT) calculations for our FN model. (a) Momentum-energy slices through g2S(Q, E)
along different paths, comparing data (left column) and FN model (right column). (b) Cuts at constant energies E¯ ± 0.2 meV
through the data (gray circles) and FN model (red lines), where E¯ is labeled on each plot. The intensity is multiplied by
E¯ and offset by 4/sr/Cr for clarity. (c) Energy dependence of the experimental (colored circles) and modeled (colored lines)
dynamical structure factor at selected momenta, normalized to the energy transfer E0 = 2 meV. (d) Slices at constant energies
E¯ ± 0.2 meV through the data (left column) and the FN model (right column) in the (h, k, k) plane. Throughout, blank space
is due to kinematic constraints on the scattering, and the extra intensity at (4, 0, 0) arises from a strong nuclear Bragg peak
and its associated acoustic phonon.
tic energy resolutions of 0.8(4) and 1.6(8) meV, respec-
tively. The sample mount was cooled to T =20 K using a
closed-cycle refrigerator and rotated about a vertical axis
in steps of 1◦ over a range > 90◦. The data were con-
verted to absolute units in Mantid [31] using measure-
ments of a vanadium standard, analyzed in Horace [32]
where background contributions and Bragg peaks from
the sample were masked, and symmetrised in the m3¯m
Laue class [see Sec. S2]. The normalized magnetic inten-
sity can be written I(Q, E)=( 12γr0)
2[gf(|Q|)]2 S(Q, E),
where ( 12γr0)
2 = 0.07265×10−24 cm2 [33], f(|Q|) is the
magnetic form factor, and S(Q, E) is the magnetic scat-
tering function. We obtained energy-integrated quan-
tities Iα(Q) ≡
∫ E′
0
dE Eα (1 + e−E/kBT )S(Q, E), where
α ∈ {0, 1}, and E′ = 20 meV is chosen to encom-
pass the magnetic excitation bandwidth. The quantities
I0(Q) and I1(Q) are proportional to the instantaneous
magnetic structure factor S(Q) and the first moment
K(Q), respectively, with the constant of proportionality
F (|Q|) = (12γr0)2[gf(|Q|)]2.
To model the magnetism of MgCr2O4, we use the
Heisenberg model H= 12
∑
ij Jij Si · Sj , where Si repre-
sents the spin at one of the N sites Ri of the pyrochlore
lattice, and the four interactions Jij ∈ {J1, J2, J3a, J3b}
extend to third-nearest neighbors [Fig. 1(a)]. We will
show that it is crucial to model the two inequivalent
third-neighbor pathways J3a and J3b separately. Our
choice of a Heisenberg model is motivated by the small
orbital contribution to the magnetic moment (g ≈ 2.05)
and a preliminary reverse Monte Carlo analysis [34–37]
that revealed an isotropic distribution of spin orientations
[see Sec. S3]. For a Heisenberg paramagnet, the structure
factor is the Fourier transform of instantaneous two-spin
correlators, S(Q) = 23N
∑
ij〈Si ·Sj〉 cos (Q·rij), where
rij = Ri−Rj is the vector between the spin pair. The first
moment contains correlators weighted by the correspond-
ing interactions [38, 39], K(Q)=− 13N
∑
ijJij 〈Si ·Sj〉 [1−
cos(Q ·rij)]. As J3a and J3b are symmetry inequivalent
but associated with the same lattice harmonics, it is im-
possible to determine their values by a simple ratio be-
tween Fourier coefficients of the structure factor and the
first moment. Therefore, we employ the self-consistent
Gaussian approximation (SCGA) [40] to calculate S(Q)
and K(Q) from the magnetic interaction matrix; this
4method is in excellent quantitative agreement with clas-
sical Monte Carlo simulations [see Sec. S5].
Determining the magnetic interactions of MgCr2O4 is a
challenging problem, because the spin correlations of the
model are essentially degenerate along the line J2=J3a in
interaction space [41]. Consequently, we used three com-
plementary approaches. First, we performed a global fit
to S(Q) and K(Q) for a grid of values of J2 and J3a, with
J1 and J3b fitted at each grid point. The corresponding
goodness-of-fit χ2, shown in Fig. 1(b), reveals a shal-
low valley of possible minima [see Sec. S4]. Second, we
calculated the goodness-of-fit to the temperature depen-
dence of bulk magnetic susceptibility data between 20 K
and 400 K for all the parameter sets {J1, J2, J3a, J3b} ex-
tracted from the S(Q) + K(Q) fits. The intersection of
χ2 minima for these two results yields J1 = 38.05(3) K,
J2/J1 = 0.0815, J3a/J1 = 0.1050 and J3b/J1 = 0.0085(1)
[red star in Fig. 1(b)]. Finally, we validated these pa-
rameters using fits to the energy-resolved S(Q, ω), as
discussed below [Fig. 2].
In Fig. 1, we compare the experimental Iα(Q) with
SCGA calculations for our optimized exchange parame-
ters. The FN interactions are small, with a maximum of
J3a≈0.1J1, and are all antiferromagnetic, in contrast to
first-principles estimates [42]. Crucially, however, these
interactions quantitatively explain the cluster-like scat-
tering [11, 13, 14, 20] [Fig. 1(d-e)]. Compared to the NN
model, our model correctly captures the suppressed in-
tensity at the (2, 0, 0) and (2, 2, 0) pinch-point positions
[Fig. 1(c)], indicating the destruction of the Coulomb
phase by FN interactions [40]. In real space, the spin
correlators as a function of distance show an alternation
in sign, which explains the apparent success of the decou-
pled hexagonal spin-cluster model [see Sec. S5]. However,
our FN Heisenberg model enables three key advances.
First, it allows a complete microscopic description of the
spin dynamics; second, it allows the frustration to be
understood in terms of degeneracies of the model; and,
third, it enables the nature of the low-temperature or-
dered phases to be predicted in absence of magnetoelastic
effects. We discuss these results in turn below.
Magnetic excitation spectra of our sample are pre-
sented in Fig. 2. The excitations are gapless with a band-
width of ≈20 meV (∼4J1S), although the dominant con-
tribution to the spectral weight resides below ≈ 5 meV
(∼J1S) [Fig. 2(a)]. Close to the suppressed pinch point
at (2, 0, 0), excitations are relatively sharp and dispersive
along the (ξ, 0, 0) direction [Fig. 2(b)], a feature also ob-
served in NaCaNi2F7 [9]. Along other directions, such as
(2, ξ, 0) and (ξ, ξ, 0), excitations form a broad continuum
[Fig. 2(a)] whose energy dependence is Lorentzian with a
Q-dependent relaxation rate [Fig. 2(c)]. A simple factor-
ization of the dynamic response as S(Q, E)=S(Q)f(E),
which implies spatially incoherent excitations, is not pos-
sible for MgCr2O4 [Fig. 2(d)], in contrast to theoretical
predictions for the lowest branch of excitations in the NN
J3b=0.0085J1
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<latexit sha1_base64="xMih9XRHxaqokoJvFWMTZa//fmc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqjfvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzQ6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbOvyYArZEZMLKFMcXsrYSOqKDM2m4oNwVt+eZX4F/Wbutu6rDUuizTKcAKncA4eXEED7qAJPjBAeIZXeHMenRfn3flYtJacYuYY/sD5/AE8cIy0</latexit><latexit sha1_base64="xMih9XRHxaqokoJvFWMTZa//fmc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqjfvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzQ6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbOvyYArZEZMLKFMcXsrYSOqKDM2m4oNwVt+eZX4F/Wbutu6rDUuizTKcAKncA4eXEED7qAJPjBAeIZXeHMenRfn3flYtJacYuYY/sD5/AE8cIy0</latexit><latexit sha1_base64="xMih9XRHxaqokoJvFWMTZa//fmc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqjfvVmlt35yCrxCtIDQo0+9Wv3iBhWYzSMEG17npuaoKcKsOZwGmll2lMKRvTIXYtlTRGHeTzQ6fkzCoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbOvyYArZEZMLKFMcXsrYSOqKDM2m4oNwVt+eZX4F/Wbutu6rDUuizTKcAKncA4eXEED7qAJPjBAeIZXeHMenRfn3flYtJacYuYY/sD5/AE8cIy0</latexit>
l
<latexit sha1_base64="k0Undy6g/L1RcCNq/lhroArVE7g=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqiX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n80Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxrMuAKmRETSyhT3N5K2IgqyozNpmJD8JZfXiX+Rf2m7rYua43LIo0ynMApnIMHV9CAO2iCDwwQnuEV3pxH58V5dz4WrSWnmDmGP3A+fwA984y1</latexit><latexit sha1_base64="k0Undy6g/L1RcCNq/lhroArVE7g=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqiX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n80Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxrMuAKmRETSyhT3N5K2IgqyozNpmJD8JZfXiX+Rf2m7rYua43LIo0ynMApnIMHV9CAO2iCDwwQnuEV3pxH58V5dz4WrSWnmDmGP3A+fwA984y1</latexit><latexit sha1_base64="k0Undy6g/L1RcCNq/lhroArVE7g=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqiX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n80Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroOci7TzKBki0VRJohJyOxrMuAKmRETSyhT3N5K2IgqyozNpmJD8JZfXiX+Rf2m7rYua43LIo0ynMApnIMHV9CAO2iCDwwQnuEV3pxH58V5dz4WrSWnmDmGP3A+fwA984y1</latexit>
(1¯
, 1
, 0
)
<latexit sha1_base64="i4/Ithu/dwCA6k27Am92cMwzDyw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahQilZEdRbwYvHCq4ttEvJptk2NJtdk2yhLP0dXjyoePXPePPfmLZ70NYHA4/3ZpiZFySCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWs2gHRTHDJPMONYO1EMRIFgrWC0e3Mb42Z0jyWD2aSMD8iA8lDTomxkl/tBkRl7rTm1vB5r1zBdTwHWiVuTiqQo9krf3X7MU0jJg0VROuOixPjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/nRU3RmlT4KY2VLGjRXf09kJNJ6EgW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpQCZGswRQnytGjZhYQqji9lZEh0QRamxOJRuCu/zyKvEu6jd1fH9ZadTyNIpwAqdQBReuoAF30AQPKDzBM7zCmzN2Xpx352PRWnDymWP4A+fzBx6EkH0=</latexit><latexit sha1_base64="i4/Ithu/dwCA6k27Am92cMwzDyw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahQilZEdRbwYvHCq4ttEvJptk2NJtdk2yhLP0dXjyoePXPePPfmLZ70NYHA4/3ZpiZFySCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWs2gHRTHDJPMONYO1EMRIFgrWC0e3Mb42Z0jyWD2aSMD8iA8lDTomxkl/tBkRl7rTm1vB5r1zBdTwHWiVuTiqQo9krf3X7MU0jJg0VROuOixPjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/nRU3RmlT4KY2VLGjRXf09kJNJ6EgW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpQCZGswRQnytGjZhYQqji9lZEh0QRamxOJRuCu/zyKvEu6jd1fH9ZadTyNIpwAqdQBReuoAF30AQPKDzBM7zCmzN2Xpx352PRWnDymWP4A+fzBx6EkH0=</latexit><latexit sha1_base64="i4/Ithu/dwCA6k27Am92cMwzDyw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahQilZEdRbwYvHCq4ttEvJptk2NJtdk2yhLP0dXjyoePXPePPfmLZ70NYHA4/3ZpiZFySCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWs2gHRTHDJPMONYO1EMRIFgrWC0e3Mb42Z0jyWD2aSMD8iA8lDTomxkl/tBkRl7rTm1vB5r1zBdTwHWiVuTiqQo9krf3X7MU0jJg0VROuOixPjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/nRU3RmlT4KY2VLGjRXf09kJNJ6EgW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpQCZGswRQnytGjZhYQqji9lZEh0QRamxOJRuCu/zyKvEu6jd1fH9ZadTyNIpwAqdQBReuoAF30AQPKDzBM7zCmzN2Xpx352PRWnDymWP4A+fzBx6EkH0=</latexit>
(1, 1, 0)
<latexit sha1_base64="+lAyZV5G5CAkxJYEtzaIInglMCs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahQimJCOqt4MVjBWMLbSib7aRdutmE3Y1QSn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHjzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHtzO/9YRK80Q+mHGKQUwHkkecUWOlVtWreTX3vFeuuHV3DrJKvJxUIEezV/7q9hOWxSgNE1TrjuemJphQZTgTOC11M40pZSM6wI6lksaog8n83Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQdTLhMM4OSLRZFmSAmIbPfSZ8rZEaMLaFMcXsrYUOqKDM2oZINwVt+eZX4F/Wbunt/WWnU8jSKcAKnUAUPrqABd9AEHxiM4Ble4c1JnRfn3flYtBacfOYY/sD5/AFVto24</latexit><latexit sha1_base64="+lAyZV5G5CAkxJYEtzaIInglMCs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahQimJCOqt4MVjBWMLbSib7aRdutmE3Y1QSn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHjzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHtzO/9YRK80Q+mHGKQUwHkkecUWOlVtWreTX3vFeuuHV3DrJKvJxUIEezV/7q9hOWxSgNE1TrjuemJphQZTgTOC11M40pZSM6wI6lksaog8n83Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQdTLhMM4OSLRZFmSAmIbPfSZ8rZEaMLaFMcXsrYUOqKDM2oZINwVt+eZX4F/Wbunt/WWnU8jSKcAKnUAUPrqABd9AEHxiM4Ble4c1JnRfn3flYtBacfOYY/sD5/AFVto24</latexit><latexit sha1_base64="+lAyZV5G5CAkxJYEtzaIInglMCs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahQimJCOqt4MVjBWMLbSib7aRdutmE3Y1QSn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHjzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHtzO/9YRK80Q+mHGKQUwHkkecUWOlVtWreTX3vFeuuHV3DrJKvJxUIEezV/7q9hOWxSgNE1TrjuemJphQZTgTOC11M40pZSM6wI6lksaog8n83Ck5s0qfRImyJQ2Zq78nJjTWehyHtjOmZqiXvZn4n9fJTHQdTLhMM4OSLRZFmSAmIbPfSZ8rZEaMLaFMcXsrYUOqKDM2oZINwVt+eZX4F/Wbunt/WWnU8jSKcAKnUAUPrqABd9AEHxiM4Ble4c1JnRfn3flYtBacfOYY/sD5/AFVto24</latexit>
(1, 1¯, 0)
<latexit sha1_base64="nsxwyiVzixMflG+nEycvif5ZxJg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahQilZEdRbwYvHCq4ttEvJptk2NJtdk2yhLP0dXjyoePXPePPfmLZ70NYHA4/3ZpiZFySCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWs2gHRTHDJPMONYO1EMRIFgrWC0e3Mb42Z0jyWD2aSMD8iA8lDTomxkl91a92AqMyd1vB5r1zBdTwHWiVuTiqQo9krf3X7MU0jJg0VROuOixPjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/nRU3RmlT4KY2VLGjRXf09kJNJ6EgW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpQCZGswRQnytGjZhYQqji9lZEh0QRamxOJRuCu/zyKvEu6jd1fH9ZadTyNIpwAqdQBReuoAF30AQPKDzBM7zCmzN2Xpx352PRWnDymWP4A+fzBxugkH0=</latexit><latexit sha1_base64="nsxwyiVzixMflG+nEycvif5ZxJg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahQilZEdRbwYvHCq4ttEvJptk2NJtdk2yhLP0dXjyoePXPePPfmLZ70NYHA4/3ZpiZFySCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWs2gHRTHDJPMONYO1EMRIFgrWC0e3Mb42Z0jyWD2aSMD8iA8lDTomxkl91a92AqMyd1vB5r1zBdTwHWiVuTiqQo9krf3X7MU0jJg0VROuOixPjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/nRU3RmlT4KY2VLGjRXf09kJNJ6EgW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpQCZGswRQnytGjZhYQqji9lZEh0QRamxOJRuCu/zyKvEu6jd1fH9ZadTyNIpwAqdQBReuoAF30AQPKDzBM7zCmzN2Xpx352PRWnDymWP4A+fzBxugkH0=</latexit><latexit sha1_base64="nsxwyiVzixMflG+nEycvif5ZxJg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahQilZEdRbwYvHCq4ttEvJptk2NJtdk2yhLP0dXjyoePXPePPfmLZ70NYHA4/3ZpiZFySCa4Pxt1NYW9/Y3Cpul3Z29/YPyodHjzpOFWUejUWs2gHRTHDJPMONYO1EMRIFgrWC0e3Mb42Z0jyWD2aSMD8iA8lDTomxkl91a92AqMyd1vB5r1zBdTwHWiVuTiqQo9krf3X7MU0jJg0VROuOixPjZ0QZTgWblrqpZgmhIzJgHUsliZj2s/nRU3RmlT4KY2VLGjRXf09kJNJ6EgW2MyJmqJe9mfif10lNeO1nXCapYZIuFoWpQCZGswRQnytGjZhYQqji9lZEh0QRamxOJRuCu/zyKvEu6jd1fH9ZadTyNIpwAqdQBReuoAF30AQPKDzBM7zCmzN2Xpx352PRWnDymWP4A+fzBxugkH0=</latexit>
kH=(1, 0, 0)
<latexit sha1_base64="ozp7X0bZiBz1Ioa4ETK3nID+RRY=">AAACBnicdVDLSgMxFM34rPU16lKQ1CJUKCUpYtuFUHDTZQXHFjqlZNK0Dc08SDJCGbpz46+4caHi1m9w59+YaSuo6IGQwzn3cu89XiS40gh9WEvLK6tr65mN7ObW9s6uvbd/o8JYUubQUISy7RHFBA+Yo7kWrB1JRnxPsJY3vkz91i2TiofBtZ5ErOuTYcAHnBJtpJ59lLheKPpq4psvGU+nvYabu3BzBVxERXTas/OohBDCGMOU4Mo5MqRWq5ZxFeLUMsiDBZo9+93thzT2WaCpIEp1MIp0NyFScyrYNOvGikWEjsmQdQwNiM9UN5ndMYUnRunDQSjNCzScqd87EuKrdFNT6RM9Ur+9VPzL68R6UO0mPIhizQI6HzSIBdQhTEOBfS4Z1WJiCKGSm10hHRFJqDbRZU0IX5fC/4lTLtVK6OosXy8u0siAQ3AMCgCDCqiDBmgCB1BwBx7AE3i27q1H68V6nZcuWYueA/AD1tsnYk2X0A==</latexit><latexit sha1_base64="ozp7X0bZiBz1Ioa4ETK3nID+RRY=">AAACBnicdVDLSgMxFM34rPU16lKQ1CJUKCUpYtuFUHDTZQXHFjqlZNK0Dc08SDJCGbpz46+4caHi1m9w59+YaSuo6IGQwzn3cu89XiS40gh9WEvLK6tr65mN7ObW9s6uvbd/o8JYUubQUISy7RHFBA+Yo7kWrB1JRnxPsJY3vkz91i2TiofBtZ5ErOuTYcAHnBJtpJ59lLheKPpq4psvGU+nvYabu3BzBVxERXTas/OohBDCGMOU4Mo5MqRWq5ZxFeLUMsiDBZo9+93thzT2WaCpIEp1MIp0NyFScyrYNOvGikWEjsmQdQwNiM9UN5ndMYUnRunDQSjNCzScqd87EuKrdFNT6RM9Ur+9VPzL68R6UO0mPIhizQI6HzSIBdQhTEOBfS4Z1WJiCKGSm10hHRFJqDbRZU0IX5fC/4lTLtVK6OosXy8u0siAQ3AMCgCDCqiDBmgCB1BwBx7AE3i27q1H68V6nZcuWYueA/AD1tsnYk2X0A==</latexit><latexit sha1_base64="ozp7X0bZiBz1Ioa4ETK3nID+RRY=">AAACBnicdVDLSgMxFM34rPU16lKQ1CJUKCUpYtuFUHDTZQXHFjqlZNK0Dc08SDJCGbpz46+4caHi1m9w59+YaSuo6IGQwzn3cu89XiS40gh9WEvLK6tr65mN7ObW9s6uvbd/o8JYUubQUISy7RHFBA+Yo7kWrB1JRnxPsJY3vkz91i2TiofBtZ5ErOuTYcAHnBJtpJ59lLheKPpq4psvGU+nvYabu3BzBVxERXTas/OohBDCGMOU4Mo5MqRWq5ZxFeLUMsiDBZo9+93thzT2WaCpIEp1MIp0NyFScyrYNOvGikWEjsmQdQwNiM9UN5ndMYUnRunDQSjNCzScqd87EuKrdFNT6RM9Ur+9VPzL68R6UO0mPIhizQI6HzSIBdQhTEOBfS4Z1WJiCKGSm10hHRFJqDbRZU0IX5fC/4lTLtVK6OosXy8u0siAQ3AMCgCDCqiDBmgCB1BwBx7AE3i27q1H68V6nZcuWYueA/AD1tsnYk2X0A==</latexit>
J3b=0
<latexit sha1_base64="hbCxv30zz1aIselR4Ipd2GCeHwo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69bC2Cp5JoQT0IBS/iqYKxhSaUzXbTLt1swu5GKKF/w4sHFa/+Gm/+GzdtDtr6YODx3gwz84KEM6Vt+9sqrayurW+UNytb2zu7e9X9g0cVp5JQl8Q8lt0AK8qZoK5mmtNuIimOAk47wfgm9ztPVCoWiwc9Sagf4aFgISNYG8m762fnwdSrXXs1u1+t2w17BrRMnILUoUC7X/3yBjFJIyo04VipnmMn2s+w1IxwOq14qaIJJmM8pD1DBY6o8rPZzVN0YpQBCmNpSmg0U39PZDhSahIFpjPCeqQWvVz8z+ulOrz0MyaSVFNB5ovClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cy+vEzcs8ZVw75v1lvNIo0yHMExnIIDF9CCW2iDCwQSeIZXeLNS68V6tz7mrSWrmDmEP7A+fwC92pBU</latexit><latexit sha1_base64="hbCxv30zz1aIselR4Ipd2GCeHwo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69bC2Cp5JoQT0IBS/iqYKxhSaUzXbTLt1swu5GKKF/w4sHFa/+Gm/+GzdtDtr6YODx3gwz84KEM6Vt+9sqrayurW+UNytb2zu7e9X9g0cVp5JQl8Q8lt0AK8qZoK5mmtNuIimOAk47wfgm9ztPVCoWiwc9Sagf4aFgISNYG8m762fnwdSrXXs1u1+t2w17BrRMnILUoUC7X/3yBjFJIyo04VipnmMn2s+w1IxwOq14qaIJJmM8pD1DBY6o8rPZzVN0YpQBCmNpSmg0U39PZDhSahIFpjPCeqQWvVz8z+ulOrz0MyaSVFNB5ovClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cy+vEzcs8ZVw75v1lvNIo0yHMExnIIDF9CCW2iDCwQSeIZXeLNS68V6tz7mrSWrmDmEP7A+fwC92pBU</latexit><latexit sha1_base64="hbCxv30zz1aIselR4Ipd2GCeHwo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69bC2Cp5JoQT0IBS/iqYKxhSaUzXbTLt1swu5GKKF/w4sHFa/+Gm/+GzdtDtr6YODx3gwz84KEM6Vt+9sqrayurW+UNytb2zu7e9X9g0cVp5JQl8Q8lt0AK8qZoK5mmtNuIimOAk47wfgm9ztPVCoWiwc9Sagf4aFgISNYG8m762fnwdSrXXs1u1+t2w17BrRMnILUoUC7X/3yBjFJIyo04VipnmMn2s+w1IxwOq14qaIJJmM8pD1DBY6o8rPZzVN0YpQBCmNpSmg0U39PZDhSahIFpjPCeqQWvVz8z+ulOrz0MyaSVFNB5ovClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cy+vEzcs8ZVw75v1lvNIo0yHMExnIIDF9CCW2iDCwQSeIZXeLNS68V6tz7mrSWrmDmEP7A+fwC92pBU</latexit>
(0
,0
,0
)
<latexit sha1_base64="AKLw2abSX/iJeYaUg7YYpqTn+rs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpStFNRbwYvHCq4ttEvJprNtaDa7JFmhLP0RXjyoePX/ePPfmLZ70NYXAo/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8ePeo4VQw9FotYdQKqUXCJnuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2V2lX3wr7zfrni1tw5yCqp56QCOVr98ldvELM0QmmYoFp3625i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/N1p+TMKgMSxsp+achc/d2R0UjrSRTYyoiakV72ZuJ/Xjc14bWfcZmkBiVbDApTQUxMZreTAVfIjJhYQpnidlfCRlRRZmxCJRtCffnkVeJd1m5q7n2j0mzkaRThBE6hCnW4gibcQQs8YDCGZ3iFNydxXpx352NRWnDynmP4A+fzB1UQjb4=</latexit><latexit sha1_base64="AKLw2abSX/iJeYaUg7YYpqTn+rs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpStFNRbwYvHCq4ttEvJprNtaDa7JFmhLP0RXjyoePX/ePPfmLZ70NYXAo/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8ePeo4VQw9FotYdQKqUXCJnuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2V2lX3wr7zfrni1tw5yCqp56QCOVr98ldvELM0QmmYoFp3625i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/N1p+TMKgMSxsp+achc/d2R0UjrSRTYyoiakV72ZuJ/Xjc14bWfcZmkBiVbDApTQUxMZreTAVfIjJhYQpnidlfCRlRRZmxCJRtCffnkVeJd1m5q7n2j0mzkaRThBE6hCnW4gibcQQs8YDCGZ3iFNydxXpx352NRWnDynmP4A+fzB1UQjb4=</latexit><latexit sha1_base64="AKLw2abSX/iJeYaUg7YYpqTn+rs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpStFNRbwYvHCq4ttEvJprNtaDa7JFmhLP0RXjyoePX/ePPfmLZ70NYXAo/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8ePeo4VQw9FotYdQKqUXCJnuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2V2lX3wr7zfrni1tw5yCqp56QCOVr98ldvELM0QmmYoFp3625i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/N1p+TMKgMSxsp+achc/d2R0UjrSRTYyoiakV72ZuJ/Xjc14bWfcZmkBiVbDApTQUxMZreTAVfIjJhYQpnidlfCRlRRZmxCJRtCffnkVeJd1m5q7n2j0mzkaRThBE6hCnW4gibcQQs8YDCGZ3iFNydxXpx352NRWnDynmP4A+fzB1UQjb4=</latexit>
gCr2O4
<latexit sha1_base64="1WMOV86bSgriKOrtAmSBHuuxiFs=">AAAB93icdVDLSsNAFJ34rPXRqEs3g0VwFZIY+tgVu3EjVjC20IYwmU7aoZMHMxOhhn6JGxcqbv0Vd/6Nk7aCih64cDjnXu69J0gZFdI0P7SV1bX1jc3SVnl7Z3evou8f3Iok45i4OGEJ7wVIEEZj4koqGemlnKAoYKQbTNqF370jXNAkvpHTlHgRGsU0pBhJJfl6JR/wCF6O2ty3r3xn5utV02g2arZTg6ZhmnXLtgpi150zB1pKKVAFS3R8/X0wTHAWkVhihoToW2YqvRxxSTEjs/IgEyRFeIJGpK9ojCIivHx++AyeKGUIw4SriiWcq98nchQJMY0C1RkhORa/vUL8y+tnMmx4OY3TTJIYLxaFGYMygUUKcEg5wZJNFUGYU3UrxGPEEZYqq7IK4etT+D9xbaNpmNdOtXW+TKMEjsAxOAUWqIMWuAAd4AIMMvAAnsCzdq89ai/a66J1RVvOHIIf0N4+AXeokoU=</latexit><latexit sha1_base64="1WMOV86bSgriKOrtAmSBHuuxiFs=">AAAB93icdVDLSsNAFJ34rPXRqEs3g0VwFZIY+tgVu3EjVjC20IYwmU7aoZMHMxOhhn6JGxcqbv0Vd/6Nk7aCih64cDjnXu69J0gZFdI0P7SV1bX1jc3SVnl7Z3evou8f3Iok45i4OGEJ7wVIEEZj4koqGemlnKAoYKQbTNqF370jXNAkvpHTlHgRGsU0pBhJJfl6JR/wCF6O2ty3r3xn5utV02g2arZTg6ZhmnXLtgpi150zB1pKKVAFS3R8/X0wTHAWkVhihoToW2YqvRxxSTEjs/IgEyRFeIJGpK9ojCIivHx++AyeKGUIw4SriiWcq98nchQJMY0C1RkhORa/vUL8y+tnMmx4OY3TTJIYLxaFGYMygUUKcEg5wZJNFUGYU3UrxGPEEZYqq7IK4etT+D9xbaNpmNdOtXW+TKMEjsAxOAUWqIMWuAAd4AIMMvAAnsCzdq89ai/a66J1RVvOHIIf0N4+AXeokoU=</latexit><latexit sha1_base64="1WMOV86bSgriKOrtAmSBHuuxiFs=">AAAB93icdVDLSsNAFJ34rPXRqEs3g0VwFZIY+tgVu3EjVjC20IYwmU7aoZMHMxOhhn6JGxcqbv0Vd/6Nk7aCih64cDjnXu69J0gZFdI0P7SV1bX1jc3SVnl7Z3evou8f3Iok45i4OGEJ7wVIEEZj4koqGemlnKAoYKQbTNqF370jXNAkvpHTlHgRGsU0pBhJJfl6JR/wCF6O2ty3r3xn5utV02g2arZTg6ZhmnXLtgpi150zB1pKKVAFS3R8/X0wTHAWkVhihoToW2YqvRxxSTEjs/IgEyRFeIJGpK9ojCIivHx++AyeKGUIw4SriiWcq98nchQJMY0C1RkhORa/vUL8y+tnMmx4OY3TTJIYLxaFGYMygUUKcEg5wZJNFUGYU3UrxGPEEZYqq7IK4etT+D9xbaNpmNdOtXW+TKMEjsAxOAUWqIMWuAAd4AIMMvAAnsCzdq89ai/a66J1RVvOHIIf0N4+AXeokoU=</latexit>
0
<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>
0.04
<latexit sha1_base64="WiKpvV/iOLHIJLkhK4zQARBJ2AA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwbWFdinZNNuGJtklyQpl6V/w4kHFq7/Im//G7HYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55Dbd1rDesF8BtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLAyjHA6rw1STRNMpnhM+5ZKLKgOsmLXOTqzyghFsbJPGlSovzsyLLSeidBWCmwmetnLxf+8fmqiqyBjMkkNlWQxKEo5MjHKD0cjpigxfGYJJorZXRGZYIWJsfHUbAje8smrxL9oXjfd+1ajfVOmUYUTOIVz8OAS2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPNAWNNw==</latexit><latexit sha1_base64="WiKpvV/iOLHIJLkhK4zQARBJ2AA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwbWFdinZNNuGJtklyQpl6V/w4kHFq7/Im//G7HYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55Dbd1rDesF8BtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLAyjHA6rw1STRNMpnhM+5ZKLKgOsmLXOTqzyghFsbJPGlSovzsyLLSeidBWCmwmetnLxf+8fmqiqyBjMkkNlWQxKEo5MjHKD0cjpigxfGYJJorZXRGZYIWJsfHUbAje8smrxL9oXjfd+1ajfVOmUYUTOIVz8OAS2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPNAWNNw==</latexit><latexit sha1_base64="WiKpvV/iOLHIJLkhK4zQARBJ2AA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwbWFdinZNNuGJtklyQpl6V/w4kHFq7/Im//G7HYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55Dbd1rDesF8BtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLAyjHA6rw1STRNMpnhM+5ZKLKgOsmLXOTqzyghFsbJPGlSovzsyLLSeidBWCmwmetnLxf+8fmqiqyBjMkkNlWQxKEo5MjHKD0cjpigxfGYJJorZXRGZYIWJsfHUbAje8smrxL9oXjfd+1ajfVOmUYUTOIVz8OAS2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPNAWNNw==</latexit>
0.08
<latexit sha1_base64="2L6oUwuHGWKbTstx0xA1ZEQxGBY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVwXorevFYwbWFdinZNNuGJtklyQrL0r/gxYOKV3+RN/+N2XYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91welv43SeqNIvlg8kSGgg8lixiBJtCcptua1hv2G8OtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLEyjHA6qw1STRNMpnhM+5ZKLKgO8vmuM3RmlRGKYmWfNGiu/u7IsdA6E6GtFNhM9LJXiP95/dRErSBnMkkNlWQxKEo5MjEqDkcjpigxPLMEE8XsrohMsMLE2HhqNgRv+eRV4l80r5vu/WWjfVOmUYUTOIVz8OAK2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPOhGNOw==</latexit><latexit sha1_base64="2L6oUwuHGWKbTstx0xA1ZEQxGBY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVwXorevFYwbWFdinZNNuGJtklyQrL0r/gxYOKV3+RN/+N2XYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91welv43SeqNIvlg8kSGgg8lixiBJtCcptua1hv2G8OtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLEyjHA6qw1STRNMpnhM+5ZKLKgO8vmuM3RmlRGKYmWfNGiu/u7IsdA6E6GtFNhM9LJXiP95/dRErSBnMkkNlWQxKEo5MjEqDkcjpigxPLMEE8XsrohMsMLE2HhqNgRv+eRV4l80r5vu/WWjfVOmUYUTOIVz8OAK2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPOhGNOw==</latexit><latexit sha1_base64="2L6oUwuHGWKbTstx0xA1ZEQxGBY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVwXorevFYwbWFdinZNNuGJtklyQrL0r/gxYOKV3+RN/+N2XYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91welv43SeqNIvlg8kSGgg8lixiBJtCcptua1hv2G8OtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLEyjHA6qw1STRNMpnhM+5ZKLKgO8vmuM3RmlRGKYmWfNGiu/u7IsdA6E6GtFNhM9LJXiP95/dRErSBnMkkNlWQxKEo5MjEqDkcjpigxPLMEE8XsrohMsMLE2HhqNgRv+eRV4l80r5vu/WWjfVOmUYUTOIVz8OAK2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPOhGNOw==</latexit>
0.2
<latexit sha1_base64="8WQHKNNMVKdWaclRcUrfFbW/+Xg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkR1FvRi8eKxhbaUDbbTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMikMet63s7K6tr6xWdoqb+/s7u1XDg4fTZprxgOWylS3Imq4FIoHKFDyVqY5TSLJm9HwZuo3n7g2IlUPOMp4mNC+ErFgFK1077m1bqXqud4MZJn4BalCgUa38tXppSxPuEImqTFt38swHFONgkk+KXdywzPKhrTP25YqmnATjmenTsipVXokTrUthWSm/p4Y08SYURLZzoTiwCx6U/E/r51jfBmOhcpy5IrNF8W5JJiS6d+kJzRnKEeWUKaFvZWwAdWUoU2nbEPwF19eJkHNvXK9u/Nq/bpIowTHcAJn4MMF1OEWGhAAgz48wyu8OdJ5cd6dj3nrilPMHMEfOJ8/wuuM+w==</latexit><latexit sha1_base64="8WQHKNNMVKdWaclRcUrfFbW/+Xg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkR1FvRi8eKxhbaUDbbTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMikMet63s7K6tr6xWdoqb+/s7u1XDg4fTZprxgOWylS3Imq4FIoHKFDyVqY5TSLJm9HwZuo3n7g2IlUPOMp4mNC+ErFgFK1077m1bqXqud4MZJn4BalCgUa38tXppSxPuEImqTFt38swHFONgkk+KXdywzPKhrTP25YqmnATjmenTsipVXokTrUthWSm/p4Y08SYURLZzoTiwCx6U/E/r51jfBmOhcpy5IrNF8W5JJiS6d+kJzRnKEeWUKaFvZWwAdWUoU2nbEPwF19eJkHNvXK9u/Nq/bpIowTHcAJn4MMF1OEWGhAAgz48wyu8OdJ5cd6dj3nrilPMHMEfOJ8/wuuM+w==</latexit><latexit sha1_base64="8WQHKNNMVKdWaclRcUrfFbW/+Xg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkR1FvRi8eKxhbaUDbbTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMyLMikMet63s7K6tr6xWdoqb+/s7u1XDg4fTZprxgOWylS3Imq4FIoHKFDyVqY5TSLJm9HwZuo3n7g2IlUPOMp4mNC+ErFgFK1077m1bqXqud4MZJn4BalCgUa38tXppSxPuEImqTFt38swHFONgkk+KXdywzPKhrTP25YqmnATjmenTsipVXokTrUthWSm/p4Y08SYURLZzoTiwCx6U/E/r51jfBmOhcpy5IrNF8W5JJiS6d+kJzRnKEeWUKaFvZWwAdWUoU2nbEPwF19eJkHNvXK9u/Nq/bpIowTHcAJn4MMF1OEWGhAAgz48wyu8OdJ5cd6dj3nrilPMHMEfOJ8/wuuM+w==</latexit>
0.4
<latexit sha1_base64="WiZgmQDuXNswrd5cbQ14uVxpT/I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUG9FLx4rGltoQ9lsN+3SzSbsToRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvyqQw6HnfTmlldW19o7xZ2dre2d2r7h88mjTXjAcslaluRdRwKRQPUKDkrUxzmkSSN6PhzdRvPnFtRKoecJTxMKF9JWLBKFrp3nPPu9Wa53ozkGXiF6QGBRrd6lenl7I84QqZpMa0fS/DcEw1Cib5pNLJDc8oG9I+b1uqaMJNOJ6dOiEnVumRONW2FJKZ+ntiTBNjRklkOxOKA7PoTcX/vHaO8WU4FirLkSs2XxTnkmBKpn+TntCcoRxZQpkW9lbCBlRThjadig3BX3x5mQRn7pXr3Z3X6tdFGmU4gmM4BR8uoA630IAAGPThGV7hzZHOi/PufMxbS04xcwh/4Hz+AMXxjP0=</latexit><latexit sha1_base64="WiZgmQDuXNswrd5cbQ14uVxpT/I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUG9FLx4rGltoQ9lsN+3SzSbsToRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvyqQw6HnfTmlldW19o7xZ2dre2d2r7h88mjTXjAcslaluRdRwKRQPUKDkrUxzmkSSN6PhzdRvPnFtRKoecJTxMKF9JWLBKFrp3nPPu9Wa53ozkGXiF6QGBRrd6lenl7I84QqZpMa0fS/DcEw1Cib5pNLJDc8oG9I+b1uqaMJNOJ6dOiEnVumRONW2FJKZ+ntiTBNjRklkOxOKA7PoTcX/vHaO8WU4FirLkSs2XxTnkmBKpn+TntCcoRxZQpkW9lbCBlRThjadig3BX3x5mQRn7pXr3Z3X6tdFGmU4gmM4BR8uoA630IAAGPThGV7hzZHOi/PufMxbS04xcwh/4Hz+AMXxjP0=</latexit><latexit sha1_base64="WiZgmQDuXNswrd5cbQ14uVxpT/I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUG9FLx4rGltoQ9lsN+3SzSbsToRS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvyqQw6HnfTmlldW19o7xZ2dre2d2r7h88mjTXjAcslaluRdRwKRQPUKDkrUxzmkSSN6PhzdRvPnFtRKoecJTxMKF9JWLBKFrp3nPPu9Wa53ozkGXiF6QGBRrd6lenl7I84QqZpMa0fS/DcEw1Cib5pNLJDc8oG9I+b1uqaMJNOJ6dOiEnVumRONW2FJKZ+ntiTBNjRklkOxOKA7PoTcX/vHaO8WU4FirLkSs2XxTnkmBKpn+TntCcoRxZQpkW9lbCBlRThjadig3BX3x5mQRn7pXr3Z3X6tdFGmU4gmM4BR8uoA630IAAGPThGV7hzZHOi/PufMxbS04xcwh/4Hz+AMXxjP0=</latexit>
0
<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>
(J3a J2)/J1
<latexit sha1_base64="kJXMkkoCPvbslghmQlY6Lcxroa4=">AAAB/HicbVDLTsJAFJ3iC/FVHzs3g8QEF2KLJuqO6MawwsQKCW2a6TDAhOm0mZmaYEP8FTcu1Lj1Q9z5Nw7QhYInucnJOffm3nuCmFGpLOvbyC0sLi2v5FcLa+sbm1vm9s69jBKBiYMjFolWgCRhlBNHUcVIKxYEhQEjzWBwPfabD0RIGvE7NYyJF6Iep12KkdKSb+6V6356ikZu8dgt1v3q0Undt32zZFWsCeA8sTNSAhkavvnldiKchIQrzJCUbduKlZcioShmZFRwE0lihAeoR9qachQS6aWT60fwUCsd2I2ELq7gRP09kaJQymEY6M4Qqb6c9cbif147Ud0LL6U8ThTheLqomzCoIjiOAnaoIFixoSYIC6pvhbiPBMJKB1bQIdizL88Tp1q5rFi3Z6XaVZZGHuyDA1AGNjgHNXADGsABGDyCZ/AK3own48V4Nz6mrTkjm9kFf2B8/gB4C5LX</latexit><latexit sha1_base64="kJXMkkoCPvbslghmQlY6Lcxroa4=">AAAB/HicbVDLTsJAFJ3iC/FVHzs3g8QEF2KLJuqO6MawwsQKCW2a6TDAhOm0mZmaYEP8FTcu1Lj1Q9z5Nw7QhYInucnJOffm3nuCmFGpLOvbyC0sLi2v5FcLa+sbm1vm9s69jBKBiYMjFolWgCRhlBNHUcVIKxYEhQEjzWBwPfabD0RIGvE7NYyJF6Iep12KkdKSb+6V6356ikZu8dgt1v3q0Undt32zZFWsCeA8sTNSAhkavvnldiKchIQrzJCUbduKlZcioShmZFRwE0lihAeoR9qachQS6aWT60fwUCsd2I2ELq7gRP09kaJQymEY6M4Qqb6c9cbif147Ud0LL6U8ThTheLqomzCoIjiOAnaoIFixoSYIC6pvhbiPBMJKB1bQIdizL88Tp1q5rFi3Z6XaVZZGHuyDA1AGNjgHNXADGsABGDyCZ/AK3own48V4Nz6mrTkjm9kFf2B8/gB4C5LX</latexit>
(J
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a
+
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2
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J
1
<latexit sha1_base64="KgpFnN0k8ylKe1cKRQ0KfOg3oJQ=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5mVqEilCTKqi7ohvpqoKxhSaEyXTaDp1MwsxEqKH4K25cqLj1Q9z5N07bLLT1wIXDOfdy7z1BzKhUlvVt5BYWl5ZX8quFtfWNzS1ze+deRonAxMERi0QrQJIwyomjqGKkFQuCwoCRZjC4HvvNByIkjfidGsbEC1GP0y7FSGnJN/fKdT89RSO3eOwW63716KTu275ZsirWBHCe2BkpgQwN3/xyOxFOQsIVZkjKtm3FykuRUBQzMiq4iSQxwgPUI21NOQqJ9NLJ9SN4qJUO7EZCF1dwov6eSFEo5TAMdGeIVF/OemPxP6+dqO6Fl1IeJ4pwPF3UTRhUERxHATtUEKzYUBOEBdW3QtxHAmGlAyvoEOzZl+eJU61cVqzbs1LtKksjD/bBASgDG5yDGrgBDeAADB7BM3gFb8aT8WK8Gx/T1pyRzeyCPzA+fwB08ZLV</latexit><latexit sha1_base64="KgpFnN0k8ylKe1cKRQ0KfOg3oJQ=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5mVqEilCTKqi7ohvpqoKxhSaEyXTaDp1MwsxEqKH4K25cqLj1Q9z5N07bLLT1wIXDOfdy7z1BzKhUlvVt5BYWl5ZX8quFtfWNzS1ze+deRonAxMERi0QrQJIwyomjqGKkFQuCwoCRZjC4HvvNByIkjfidGsbEC1GP0y7FSGnJN/fKdT89RSO3eOwW63716KTu275ZsirWBHCe2BkpgQwN3/xyOxFOQsIVZkjKtm3FykuRUBQzMiq4iSQxwgPUI21NOQqJ9NLJ9SN4qJUO7EZCF1dwov6eSFEo5TAMdGeIVF/OemPxP6+dqO6Fl1IeJ4pwPF3UTRhUERxHATtUEKzYUBOEBdW3QtxHAmGlAyvoEOzZl+eJU61cVqzbs1LtKksjD/bBASgDG5yDGrgBDeAADB7BM3gFb8aT8WK8Gx/T1pyRzeyCPzA+fwB08ZLV</latexit>
(a)
<latexit sha1_base64="tsYwOJib8x+Apwba3GFGiLfNd7U=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRqB3RxhKjJyRwIXPLHmzY27vs7pkQwk+wsVBj6z+y89+4wBUKvmSSl/dmMjMvTAXXxnW/ncLa+sbmVnG7tLO7t39QPjx61EmmKPNpIhLVDlEzwSXzDTeCtVPFMA4Fa4Wjm5nfemJK80Q+mHHKghgHkkecorHSfRXPe+WKW3PnIKvEy0kFcjR75a9uP6FZzKShArXueG5qggkqw6lg01I30yxFOsIB61gqMWY6mMxPnZIzq/RJlChb0pC5+ntigrHW4zi0nTGaoV72ZuJ/Xicz0WUw4TLNDJN0sSjKBDEJmf1N+lwxasTYEqSK21sJHaJCamw6JRuCt/zyKvHrtauae1evNK7zNIpwAqdQBQ8uoAG30AQfKAzgGV7hzRHOi/PufCxaC04+cwx/4Hz+APXUjRs=</latexit><latexit sha1_base64="tsYwOJib8x+Apwba3GFGiLfNd7U=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRqB3RxhKjJyRwIXPLHmzY27vs7pkQwk+wsVBj6z+y89+4wBUKvmSSl/dmMjMvTAXXxnW/ncLa+sbmVnG7tLO7t39QPjx61EmmKPNpIhLVDlEzwSXzDTeCtVPFMA4Fa4Wjm5nfemJK80Q+mHHKghgHkkecorHSfRXPe+WKW3PnIKvEy0kFcjR75a9uP6FZzKShArXueG5qggkqw6lg01I30yxFOsIB61gqMWY6mMxPnZIzq/RJlChb0pC5+ntigrHW4zi0nTGaoV72ZuJ/Xicz0WUw4TLNDJN0sSjKBDEJmf1N+lwxasTYEqSK21sJHaJCamw6JRuCt/zyKvHrtauae1evNK7zNIpwAqdQBQ8uoAG30AQfKAzgGV7hzRHOi/PufCxaC04+cwx/4Hz+APXUjRs=</latexit><latexit sha1_base64="tsYwOJib8x+Apwba3GFGiLfNd7U=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRqB3RxhKjJyRwIXPLHmzY27vs7pkQwk+wsVBj6z+y89+4wBUKvmSSl/dmMjMvTAXXxnW/ncLa+sbmVnG7tLO7t39QPjx61EmmKPNpIhLVDlEzwSXzDTeCtVPFMA4Fa4Wjm5nfemJK80Q+mHHKghgHkkecorHSfRXPe+WKW3PnIKvEy0kFcjR75a9uP6FZzKShArXueG5qggkqw6lg01I30yxFOsIB61gqMWY6mMxPnZIzq/RJlChb0pC5+ntigrHW4zi0nTGaoV72ZuJ/Xicz0WUw4TLNDJN0sSjKBDEJmf1N+lwxasTYEqSK21sJHaJCamw6JRuCt/zyKvHrtauae1evNK7zNIpwAqdQBQ8uoAG30AQfKAzgGV7hzRHOi/PufCxaC04+cwx/4Hz+APXUjRs=</latexit>
(b)
<latexit sha1_base64="7VkbLIe+J2Yqy9ooPaTkD+wAXl0=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRqB3RxhKjJyRwIXvLHmzY27vszpkQwk+wsVBj6z+y89+4wBUKvmSSl/dmMjMvTKUw6LrfTmFtfWNzq7hd2tnd2z8oHx49miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzcxvPXFtRKIecJzyIKYDJSLBKFrpvhqe98oVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRpfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/nlVeLXa1c1965eaVznaRThBE6hCh5cQANuoQk+MBjAM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AfdYjRw=</latexit><latexit sha1_base64="7VkbLIe+J2Yqy9ooPaTkD+wAXl0=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRqB3RxhKjJyRwIXvLHmzY27vszpkQwk+wsVBj6z+y89+4wBUKvmSSl/dmMjMvTKUw6LrfTmFtfWNzq7hd2tnd2z8oHx49miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzcxvPXFtRKIecJzyIKYDJSLBKFrpvhqe98oVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRpfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/nlVeLXa1c1965eaVznaRThBE6hCh5cQANuoQk+MBjAM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AfdYjRw=</latexit><latexit sha1_base64="7VkbLIe+J2Yqy9ooPaTkD+wAXl0=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRqB3RxhKjJyRwIXvLHmzY27vszpkQwk+wsVBj6z+y89+4wBUKvmSSl/dmMjMvTKUw6LrfTmFtfWNzq7hd2tnd2z8oHx49miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzcxvPXFtRKIecJzyIKYDJSLBKFrpvhqe98oVt+bOQVaJl5MK5Gj2yl/dfsKymCtkkhrT8dwUgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRpfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/nlVeLXa1c1965eaVznaRThBE6hCh5cQANuoQk+MBjAM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AfdYjRw=</latexit>
0
<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>
0.04
<latexit sha1_base64="WiKpvV/iOLHIJLkhK4zQARBJ2AA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwbWFdinZNNuGJtklyQpl6V/w4kHFq7/Im//G7HYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55Dbd1rDesF8BtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLAyjHA6rw1STRNMpnhM+5ZKLKgOsmLXOTqzyghFsbJPGlSovzsyLLSeidBWCmwmetnLxf+8fmqiqyBjMkkNlWQxKEo5MjHKD0cjpigxfGYJJorZXRGZYIWJsfHUbAje8smrxL9oXjfd+1ajfVOmUYUTOIVz8OAS2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPNAWNNw==</latexit><latexit sha1_base64="WiKpvV/iOLHIJLkhK4zQARBJ2AA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwbWFdinZNNuGJtklyQpl6V/w4kHFq7/Im//G7HYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55Dbd1rDesF8BtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLAyjHA6rw1STRNMpnhM+5ZKLKgOsmLXOTqzyghFsbJPGlSovzsyLLSeidBWCmwmetnLxf+8fmqiqyBjMkkNlWQxKEo5MjHKD0cjpigxfGYJJorZXRGZYIWJsfHUbAje8smrxL9oXjfd+1ajfVOmUYUTOIVz8OAS2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPNAWNNw==</latexit><latexit sha1_base64="WiKpvV/iOLHIJLkhK4zQARBJ2AA=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorevFYwbWFdinZNNuGJtklyQpl6V/w4kHFq7/Im//G7HYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepv73SeqNIvlg5klNBB4LFnECDa55Dbd1rDesF8BtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLAyjHA6rw1STRNMpnhM+5ZKLKgOsmLXOTqzyghFsbJPGlSovzsyLLSeidBWCmwmetnLxf+8fmqiqyBjMkkNlWQxKEo5MjHKD0cjpigxfGYJJorZXRGZYIWJsfHUbAje8smrxL9oXjfd+1ajfVOmUYUTOIVz8OAS2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPNAWNNw==</latexit>
0.08
<latexit sha1_base64="2L6oUwuHGWKbTstx0xA1ZEQxGBY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVwXorevFYwbWFdinZNNuGJtklyQrL0r/gxYOKV3+RN/+N2XYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91welv43SeqNIvlg8kSGgg8lixiBJtCcptua1hv2G8OtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLEyjHA6qw1STRNMpnhM+5ZKLKgO8vmuM3RmlRGKYmWfNGiu/u7IsdA6E6GtFNhM9LJXiP95/dRErSBnMkkNlWQxKEo5MjEqDkcjpigxPLMEE8XsrohMsMLE2HhqNgRv+eRV4l80r5vu/WWjfVOmUYUTOIVz8OAK2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPOhGNOw==</latexit><latexit sha1_base64="2L6oUwuHGWKbTstx0xA1ZEQxGBY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVwXorevFYwbWFdinZNNuGJtklyQrL0r/gxYOKV3+RN/+N2XYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91welv43SeqNIvlg8kSGgg8lixiBJtCcptua1hv2G8OtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLEyjHA6qw1STRNMpnhM+5ZKLKgO8vmuM3RmlRGKYmWfNGiu/u7IsdA6E6GtFNhM9LJXiP95/dRErSBnMkkNlWQxKEo5MjEqDkcjpigxPLMEE8XsrohMsMLE2HhqNgRv+eRV4l80r5vu/WWjfVOmUYUTOIVz8OAK2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPOhGNOw==</latexit><latexit sha1_base64="2L6oUwuHGWKbTstx0xA1ZEQxGBY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVwXorevFYwbWFdinZNNuGJtklyQrL0r/gxYOKV3+RN/+N2XYP2vog5PHeDDPzwoQzbVz326msrW9sblW3azu7e/sH9cOjRx2nilCfxDxWvRBrypmkvmGG016iKBYhp91welv43SeqNIvlg8kSGgg8lixiBJtCcptua1hv2G8OtEq8kjSgRGdY/xqMYpIKKg3hWOu+5yYmyLEyjHA6qw1STRNMpnhM+5ZKLKgO8vmuM3RmlRGKYmWfNGiu/u7IsdA6E6GtFNhM9LJXiP95/dRErSBnMkkNlWQxKEo5MjEqDkcjpigxPLMEE8XsrohMsMLE2HhqNgRv+eRV4l80r5vu/WWjfVOmUYUTOIVz8OAK2nAHHfCBwASe4RXeHOG8OO/Ox6K04pQ9x/AHzucPOhGNOw==</latexit>
(J3a J2)/J1
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FIG. 3. (a) Sets of ordering wavevectors κ with nearly-
degenerate energies represented in the Brillouin zone as col-
ored surfaces. The pink surface shows wavevectors with en-
ergies within ∼0.5% of the global energy minimum for the
FN interaction parameters of MgCr2O4. The blue lines show
wavevectors with energy equal to the global energy minimum
for the macroscopically-degenerate phases represented by a
blue dashed line in the phase diagram. (b) Mean-field phase
diagrams of our FN Heisenberg model as a function of J2 and
J3a, showing results for J3b = 0 (left) and J3b = 0.0085J1
(right). Phases with different ordering wavevectors κ are
shown in different colors. Special phases (dashed lines) corre-
spond to a macroscopic number of ordering wavevectors with
degenerate energies. They emerge from J3a − J2 = 0 (yel-
low line), which corresponds to the NN model, to form two
half-planes corresponding to J3a−J2 = ∓J3b (green and blue
lines).
model [43].
To examine the nature of excitations, we calculated
S(Q, E) in the paramagnetic regime using linear spin-
wave theory (LSWT) in a framework previously used to
model metallic spin-glasses [44, 45]. For a given set of
interactions, we use Monte Carlo simulations to generate
ensembles of spin configurations at low but finite tem-
perature to avoid ordering, calculate harmonic fluctua-
tions of each spin configuration, and average S(Q, E)
over these samples [see Sec. S6]. We compared LSWT
calculations—performed for several sets of interactions
near the shallow χ2 minimum of Fig. 1(b)—with the en-
tire 4D momentum-energy dependence of our experimen-
tal data [see Sec. S7]. The best match is obtained for our
previously-determined FN model, with LSWT calcula-
tions in striking agreement with the experimental obser-
vations [Fig. 2].
Our microscopic model also explains the persistence of
a classical spin-liquid in MgCr2O4 despite FN interac-
tions. In classical spin liquids, the lowest-energy eigen-
values of the interaction matrix are degenerate through-
out large regions of the Brillouin zone, which suppresses
magnetic ordering. We find that for the FN parame-
ters of MgCr2O4, ordering wavevectors κ with energies
within 0.5% of the global energy minimum describe a
large surface near the zone boundary [Fig. 3(a)]. This
result is surprising because FN interactions are generi-
cally expected to lift the degeneracy of the NN model.
To explain it, we calculated the phase diagram of or-
dered states as a function of J2, J3a, and J3b [Fig. 3(b)].
5Crucially, we uncover planes in interaction space along
which the degeneracy of possible ordered states is exact
and macroscopic. Our FN parameters place MgCr2O4 in
proximity to such a phase, for which wavevectors of the
type κ=(1, h, 0) are degenerate [blue lines in Fig. 3(a)].
The corresponding states are a degenerate set of coplanar
spirals [see Sec. S8], analogous to the “spiral spin liquid”
states previously known only for the J1-J2 model on the
diamond lattice [46]. This result explains the similarity of
cluster-like scattering in MgCr2O4 to neutron-scattering
data for diamond-lattice systems such as MnSc2S4 [47].
Our analysis sets a benchmark for the comprehen-
sive determination of magnetic interactions in materials
where the traditional approach of spin-wave dispersion
modeling is not available—either because the system does
not order at an accessible temperature, or because the na-
ture of this ordering is controlled by a magnetic Hamil-
tonian that is distinct from that of the paramagnetic
phase due to magnetoelastic effects. The latter is the
case in frustrated spinels such as MgCr2O4 and ZnCr2O4.
Furthermore the presence of several symmetry-unrelated
ordering wavevectors makes magnetic structure solution
very challenging. However, our results present a key
insight: the degeneracy of our spiral spin liquid state
encompasses two of the ordering wave-vectors, κH and
κL,2, that are observed experimentally below TN in
MgCr2O4 and ZnCr2O4. This result suggests that the
complex magnetic orderings observed in these frustrated
spinels is a consequence of the near-degeneracy of com-
peting ordered states shown in Fig. 3(a). While the exact
ground state is likely selected by magneto-structural ef-
fects beyond the Heisenberg model, we anticipate that
our paramagnetic Hamiltonian will provide a valuable
starting-point to develop a microscopic theory of mag-
netic ordering in these complex materials.
It is remarkable that, within the resolution of our ex-
periment, the spin dynamics of MgCr2O4 at T = 20 K
can be entirely described by spins precessing around their
local mean field, with no evidence of quantum effects [9].
Crucially, this excludes fractionalization and short life-
time as the physical origin for the broad momentum-
energy response; rather, it indicates that scattering is
broad in wave-vector because excitations propagate in a
spatially disordered background.
Note added at the time of submission: During the com-
pletion of this manuscript a paper making similar obser-
vations for NaCaNi2F7 appeared on the arXiv [48]. In
conjunction these papers on pyrochlore antiferromagnets
with different ranges of interactions and spin quantum
numbers indicate the robustness of our theoretical re-
sults.
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7Supplementary Information
Magnetic excitations of the classical spin liquid MgCr2O4
S1. Single-crystal sample
Cd ShieldingAl holder and wires
MgCr2O4
1 cm
FIG. S1. Picture of the single-crystal mount used in our experiments
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FIG. S2. Elastic line of our single-crystal mount showing nuclear Bragg peaks with positions and intensities compatible with
the Fd3¯m space-group.
8S2. Data folding and symmetrization
FIG. S3. Graphical representation of the momentum-space folding procedure used to symmetrize our data.
S3. Reverse Monte-Carlo analysis of spin-space anisotropy
We used a reverse Monte Carlo (RMC) approach [34] to analyze our magnetic diffuse-scattering data. The RMC
approach fits spin configurations directly to experimental data without using a model of the magnetic interactions. For
our refinements, we fitted the energy-integrated single-crystal data measured on SEQUOIA at 20 K; the two datasets
with incident energies of 40 and 80 meV were fitted simultaneously. Our spin configurations contained 8 × 8 × 8
conventional unit cells (8192 vector spins). Our single-crystal RMC refinement algorithm has been described previously
[37]. An overall intensity scale factor and flat background level were refined for each dataset. Fifteen independent
refinements were performed and the results averaged to improve their statistical accuracy. Each refinement was
performed for 300 proposed moves per spin, after which no significant improvements in the fit was apparent.
Because the RMC approach is data-driven and independent of an interaction model, it allows the assumptions of our
interaction model to be tested in an unbiased way. Arguably the most important assumption of our interaction model
is that the interactions are described by a Heisenberg form without anisotropy terms. To test this assumption, we
look for the presence of anisotropy in the distribution function of spin orientations determined from RMC refinement,
p(θ, φ) =
n(θ, φ)
Nd(cos θ) dφ
,
where n(θ, φ) is the number spins with orientations within the range d(cos θ),dφ, and N is the total number of spins.
It has been shown previously that RMC refinement is sensitive to anisotropy in pyrochlore magnets, if it is indeed
present [36]. However, the function ln(p) for MgCr2O4 shown in Fig. S4(a) reveals no evidence for anisotropy, beyond
statistical fluctuations that are also present in entirely random spin configurations of the same size [Fig. S4(b)].
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FIG. S4. Stereographic projections of the distribution function of spin orientations for (a) MgCr2O4 spin configurations
determined from RMC refinement to single-crystal diffuse-scattering data, and (b) entirely random spin configurations. The
distribution functions reveal no evidence for spin anisotropy in MgCr2O4. The x, y, and z axes are defined locally such that
z ∈ 1√
3
〈111〉 is parallel to the local three-fold axis of the Cr3+ site, and the local x ∈ 1√
6
〈112〉 and y ∈ 1√
2
〈110〉 axes are
mutually perpendicular and in the plane perpendicular to z.
S4. Results of SCGA fits to energy-integrated and susceptibility data
The SCGA fits to energy-integrated quantities I0(Q) and I1(Q) of both 40 and 80 meV datasets are performed for
a grid of values of J2 and J3a. In addition to J1 and J3b, overall scale factors, s40 and s80, are introduced in the fits for
each dataset to compensate for the discrepancy in the absolute normalization. Constant background parameters I400,bk,
I401,bk, I
80
0,bk and I
80
1,bk are also included to account for the incoherent scattering signal and instrumental background.
Fig. 1 gives an overview of values of all the fitting parameters. The red star is determined from the goodness of fit
for the neutron and bulk susceptibility data. The corresponding values are listed in Tab. S1.
J1(K) J2/J1 J3a/J1 J3b/J1 θW (K) T (K) s40 I
40
0,bk I
40
1,bk s80 I
80
0,bk I
80
1,bk
38.05(3) 0.0815 0.1050 0.0085(1) 364.3 20 0.6241(5) 0.0675(2) 0.1946(13) 0.6503(5) 0.0843(2) 0.2399(11)
TABLE S1. Values of the best fitting parameters for MgCr2O4. The Weiss temperature is computed from θW = (6J1 + 12J2 +
6J3a + 6J3b)S(S + 1)/3 with S = 3/2.
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FIG. S5. Contour plots of fitting parameters as a function of J2 and J3a. The red star indicates the best fit, determined from
the goodness of fit for the 40 and 80 meV neutron data at 20 K and bulk susceptibility data between 20 K and 400 K [Fig. 1b].
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FIG. S6. Temperature dependence of bulk magnetic susceptibility of MgCr2O4. The red dots are data collected at 0.1 Tesla
during cool down. The blue curve is the calculation using SCGA for the best fitting parameters listed in Tab. S2. The green
curve is the Curie-Weiss fit of the data between 200 K and 400 K, yielding a Weiss constant of 405 K.
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S5. Comparison of spin correlations for the FN model (calculated using the SCGA and Monte Carlo)
and hexagonal spin-cluster model
The structure factor of the hexagonal spin-cluster model is
S(Q) =4
9
[(
1− cos2
(
pik
2
))(
cos
(
pi`
2
)
− cos
(
pih
2
))2
+
(
1− cos2
(
pih
2
))(
cos
(
pik
2
)
− cos
(
pi`
2
))2
+
(
1− cos2
(
pi`
2
))(
cos
(
pih
2
)
− cos
(
pik
2
))2]
. (S1)
This can be rewritten in terms of the Fourier expansion
S(Q) = 2
3
(〈S0 · S0〉 f0 + 〈S0 · S1〉 f1 + 〈S0 · S2〉 f2 + 〈S0 · S3〉 f3) (S2)
where 〈S0 · S0〉 = 1, 〈S0 · S1〉 = −1/3, 〈S0 · S2〉 = 1/6 and 〈S0 · S3〉 = (〈S0 · S3a〉+ 〈S0 · S3b〉) /2 = −1/12. All the
other correlators vanish identically. The Fourier functions fi are given in Tab. S2. In particular, two types of the
third nearest neighbors are distinguished by the lattice symmetry, while their corresponding Fourier basis take the
same form.
i fi
0 1
1 2 × [ cos(2pi ·h/4){ cos(2pi ·k/4) + cos(2pi ·`/4)}+ cos(2pi ·k/4) cos(2pi ·`/4)]
2 4 × [ cos(2pi ·h/2) cos(2pi ·k/4) cos(2pi ·`/4)
+ cos(2pi ·h/4){ cos(2pi ·k/2) cos(2pi ·`/4) + cos(2pi ·k/4) cos(2pi ·`/2)}]
3 4 × [ cos(2pi ·h/2){ cos(2pi ·k/2) + cos(2pi ·`/2)}+ cos(2pi ·k/2) cos(2pi ·`/2)]
4 2 × [ cos(2pi ·3h/4){ cos(2pi ·k/4) + cos(2pi ·`/4)}+ cos(2pi ·3k/4){ cos(2pi ·h/4) + cos(2pi ·`/4)}
+ cos(2pi ·3`/4){ cos(2pi ·h/4) + cos(2pi ·k/4)}]
5 ... ...
TABLE S2. Lattice harmonics entering the instantaneous structure factor, S(Q) = 2/3∑i 〈S0 · Si〉 fi, where fi =∑
Ri
cos (Q · (R0 −Ri)). The level of neighbors is indexed by i.
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FIG. S7. Spin correlations as a function of distance. The red circles are obtained from Monte Carlo simulations at 20 K for the
best fitting parameters. The blue triangles are calculated using SCGA up to 10th neighbors, which show excellent agreement
with MC results. The yellow diamonds are correlators for the hexagonal spin-cluster model. All the correlators beyond the
third nearest neighbor are zero. Both signs and relative strength of the first three correlators from this model resemble those
of our microscopic FN model.
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S6. Linear Spin-Wave Theory calculations
Understanding of the spin wave excitations MgCr2O4 was enabled by comparing neutron scattering results to
semiclassical simulations of S (Q, E) for the pyrochlore lattice, with Q, E, T and the values of further neighbor
interactions taken as the input parameters.
Our numerical modeling proceeded as follows: we studied spins on a pyrochlore lattice with 6×6×6 cubic unit cells
and periodic boundary conditions, containing 3456 spins in total, governed by a Heisenberg Hamiltonian with nearest
neighbor J and longer ranged interactions J2, J3a and J3b. To calculate S (Q, E), we first computed an approximate
classical ground state using the Monte Carlo technique. In the case of pure nearest neighbor interactions (where the
ground state is massively degenerate) we reached the T → 0 limit by following the Monte Carlo iterations with a
steepest descent method to arrive at an effectively exact ground state. In the case of further neighbor interactions,
the true ground state is ordered (with a very small TN); since our study was interested in the spin wave structure
of the disordered paramagnetic phase, we thermalized the system at approximately 10 K to ensure the ordered state
was never reached. Having derived a base classical spin configuration, we then numerically constructed the quantum
harmonic spin wave Hamiltonian as in Walker and Walstedt [44, 45], exactly diagonalized the Hamiltonian using a
Bogoliubov transformation to obtain the full single-excitation spectrum, and then used the resulting eigenstates to
calculate the dynamical structure factor S (Q, E), with Bose factors added to incorporate finite temperature. This
method produces the leading order term in the 1/S expansion; at this level the eigenfrequencies of the quantum
large-S problem and the normal modes of small oscillations about the classical ground state are identical.
To improve our numerical results, we repeated the above process ten times for each set of interactions chosen,
and then averaged the resulting distributions of S (Q, E) over classical ground states. For the nearest neighbor case,
averaging over ground states mitigates finite size effects that result from studying the excitations about a single ground
state chosen from a massively degenerate manifold. For case of longer ranged interactions, our choice to study the
system at finite temperature to prevent ordering led to a fraction of the lowest energy modes (E ∼ T or below) being
unstable, as they described oscillations about a configuration which was not the system’s true ground state. Such
modes have complex eigenfrequencies and cannot be properly normalized in the Bogoliubov formalism. However, as
far as we were able to ascertain, the momentum space distribution of the unstable modes is an effectively random
fraction of the total spectral weight at that energy, so we were able to reconstruct the low-energy excitations by
averaging over thermal “ground state” spin configurations to sample from the stable modes which had well-defined
normalization, simply omitting any contribution from unstable modes.
Finally, to study the energy-integrated spectral weight S (Q) we employed the self-consistent Gaussian approx-
imation outlined in Ref. [40]. Unlike the harmonic approach detailed above, this method implicitly accounts for
interactions between spin waves and does not suffer from normalization issues due to unstable modes, but it is a time-
independent method and thus does not provide energy-resolved data. As its computational cost is significantly lower
than the harmonic approach, we used it to extract the longer ranged interactions J2, J3a and J3b from a numerical fit
to the neutron scattering data, and then used those parameters in the harmonic calculation to obtain finite-energy
results.
S7. Spin dynamics for different exchange models and results of LSWT fits
To make quantitative comparisons between interaction models and experimental data, we fit results of LSWT
calculations to the experimental data with three fitting parameters, the overall energy scale W , the intensity scale
I0 and a constant background Ibk. The fitting is performed simultaneously for constant-momentum slices with
L = 0, 0.5, 1 and 1.5 r.l.u. and energy transfer between 1.5 meV and 25 meV. The simulated data is interpolated on
a Q-grid that matches the experimental data and the overall intensity is normalized according to the sum rule, prior
to the fitting. All the exchange models and corresponding fitting results are summarized in Fig. S8 and Tab. S3.
Detailed inelastic spectra are presented in Fig. S9 to S10.
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FIG. S8. Overview of all the exchange parameters used in LSWT calculations.
A B C1 C2 C3 D1 D2 D3 F1 F2 F3 F4
J2/J1 0 0 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.08145
J3a/J1 0 0.05 0.17 0.17 0.17 0.12 0.12 0.12 0.1774 0.185 0.2 0.105
J3b/J1 0 0.025 0 0.05 -0.05 0 0.05 -0.05 0.01 0.02 0.025 0.00878
W 35.918 19.3418 17.6436 18.0734 16.9698 16.0742 17.1556 12.5 17.636 18.3618 18.3784 20.442
I0 0.74193 1.213 1.4196 1.3546 1.3229 1.3707 1.3857 0.48817 1.4227 1.3598 1.354 1.0531
Ibk 0.034101 0.027938 0.038731 0.026772 0.04146 0.044522 0.033162 0.099382 0.03265 0.027036 0.020982 0.0317
χ2 0.037663 0.031606 0.034808 0.033442 0.044838 0.044944 0.037591 0.077936 0.032907 0.032382 0.033653 0.031522
TABLE S3. Values of the exchange parameters and fitting results. The reduced χ2 confirms that the set of parameters, F4,
obtained from fitting the energy-integrated quantities and bulk magnetic susceptibility also best reproduces inelastic neutron
data. Moreover, the intensity scale I0 is close to 1, indicating that the calculation for this set of parameters correctly captures
the ratio of inelastic to elastic spectral weight.
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FIG. S9. Calculated inelastic spectra along the path (4, 0, 0)→ (2, 0, 0)→ (0, 0, 0)→ (2, 2, 0)→ (2, 0, 0).
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FIG. S10. Calculated inelastic spectra along the path (4, 0, 0.5)→ (2, 0, 0.5)→ (0, 0, 0.5)→ (2, 2, 0.5)→ (2, 0, 0.5).
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FIG. S11. Calculated inelastic spectra along the path (4, 0, 1)→ (2, 0, 1)→ (0, 0, 1)→ (2, 2, 1)→ (2, 0, 1).
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FIG. S12. Calculated inelastic spectra along the path (4, 0, 1.5)→ (2, 0, 1.5)→ (0, 0, 1.5)→ (2, 2, 1.5)→ (2, 0, 1.5).
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S8. Mean-field phase diagram for FN exchange interactions
The Hamiltonian is
H = 1
2
∑
mn
∑
µν
∑
i
J (i)µν (Rm −Rn)Smµ · Snν (S3)
where J (i)µν (Rm −Rn) is the exchange matrix with i = 1, 2, 3a and 3b indexing the level of interactions and Smν is
the spin at the unit cell m and sublattice ν. The Fourier transform of the exchange matrix is given by
Jµν(Q) = 1
N
∑
i
∑
Rm−Rn
J (i)µν (Rm −Rn) eiQ·(Rmµ−Rnν) , (S4)
where Rmµ = Rm + cµ, c1 = (0, 0, 0), c2 = (0, 1/4, 1/4), c3 = (1/4, 0, 1/4) and c4 = (1/4, 1/4, 0). The explicit
formula can be found in [40].
For Q = 2pi(h, 1, 0), the interaction matrix reduces to
J =
(
−2(J3b + J3a)I2×2 2(J1 − 2J2)Λ
2(J1 − 2J2)ΛT −2(J3a + J3b)I2×2
)
Λ =
(
cos
(
hpi
2
) − sin (hpi2 )
sin
(
hpi
2
)
cos
(
hpi
2
) ) (S5)
which can be diagonalized by a unitary matrix
U =
1
2

ie
ihpi
2 −ie− ihpi2 −ie ihpi2 ie− ihpi2
e
ihpi
2 e−
ihpi
2 −e ihpi2 −e− ihpi2
i −i i −i
1 1 1 1
 (S6)
U · J ·U† =

+ 0 0 0
0 + 0 0
0 0 − 0
0 0 0 −
 , ± = ±2(J1 − 2J2)− 2(J3a + J3b). (S7)
The spin configuration for minimal eigenvalue − is
Snν = xˆ sin (Q ·Rnν + φν) + yˆ cos (Q ·Rnν + φν) (S8)
where
φ1 =
hpi
2
− pi
2
, φ2 =
hpi
2
+ pi, φ3 =
pi
2
, φ4 = 0 . (S9)
